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Abstract 

In this paper we provide two separate calculations for the cohomology 
of the space exp 3 S" . The first of these relies on a decomposition of this 
space into configuration spaces which have a large amount of geometric 
structure with which we can play, while the second proof will, with a bit 
of extra effort, provide a calculation of the cohomology of exp fc S n for all 
k, n. 

1 Introduction 

The space of all non-empty finite subsets (of cardinality at most k) of a given 
space X, denoted at times exp fe (X), Subk(X), Fk{X) or X^ k \ has been studied 
at varying frequencies since 1949 |Bor49j . The most celebrated result, of course, 
is in a correction to this initial paper wherein it is proven |Bot52j that exp 3 S 1 = 
S 3 . In a number of more recent papers |KS| |Tuf02| this result has been extended 
to show that exp fc (S' 1 ) has the homotopy type of an odd dimensional sphere for 
all k. 

In this paper we extend existing knowledge in the other direction — that is, 
we begin studying the spaces exp 3 (S'™) for higher values of n. 

For the duration of this paper all coefficients will be assumed to be an d 
the following notation will be used. Fk{X) will refer to the orderd configuration 
space of k distinct points in X, while Ck(X) := Fk(X) j-^ will denote the 
unordered configuration space of points. 

2 The Cohomology of exp 3 (5' n ) 
2.1 The Cohomology of exp 2 (5' n ) 

Lemma 2.1 C^S 1 ™) — E where E is the orthogonal complement of the canon- 
ical line bundle overM.P n . 

Proof Given a pair of points m S n we find a line I in We then 

map those points to the line through the origin which is parallel to I. The fibre 
of this map is then all pairs of points {xi,X2} which are obtained from one 
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another via a reflection in the plane perpendicular to I. It is easy to see that 
this is the space E as claimed. 




Figure 1: The map between C 2 (S n ) and E 

Q.E.D. 

It is worth noting that, being the orthogonal complement of the canonical 
line bundle, all of the Stiefel- Whitney classes of this bundles are non-zero. 

To calculate the cohomology of exp 2 (S n ), we begin with a Mayer- Vietoris 
sequence. Let U be the subset contained within C 2 {S n ) consisting of all points 
whose norm in the fibre is < 2, and let V be the subset of all those whose norm 
is > 1, together with Ci(S n ) = S n . Then we have the following: 

U^C 2 (S n )~RP n 
V ~S n 

u n v ~ E a 

where Eq is the sphere bundle contained in E. 
We then have the long exact sequence 

> H k -\E ) -» H k {cxp 2 S n ) -> H k (C 2 S n ) © H k (S n ) -> H k (E ) -> • ■ • 

(1) 

which simplifies greatly to (as H k (C 2 S n ) = H k (S n ) = for k > n) 

H k (Eo) = H k+1 (cxp 2 S n ) 

for k > n. To study the remainder of this sequence we need to learn more about 
the cohomology of Ea . 
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Proposition 2.2 With Eq as above, we have 

H*(E ) S (a, 0\ \a\ = 1, \/3\ = n, a n = = (3 2 ) 

Proof Being a spherical fibration, with Z/ 9 coefficients we have the Gysin se- 
quence 

> H k -\E ) -> H k - n (RP n ) ^ H k (RP n ) -> H k (E ) -»•••• 

where the cup product is with the euler class of the fibration. But since the 
Euler class mod 2 is simply the top Stiefel- Whitney class — in this case, a n € 
H n (RP n ) — the fact that all of our cohomology groups are immediately 
follows. The product structure is an easy exercise after that. 

Q.E.D. 

Next, we note that in the long exact sequence of the pair (E, Eq) we find that 
the map H k (M.P n ) —> H k (Eo) is by necessity an isomorphism for k = 0, . . . , n— 2 
until we reach 

-» H n -\RP n ) -> H n -\Eo) -» H°{RP n ) -> • • • 

at which point it is an injection. However, this maps is the same as the map 
H k (C2S n ) — > H k (Eo) in the Mayer- Vietoris sequence, and so we know that 
H k (exp 2 S n ) = for fc = 1, . . . , n — 1 leaving us with the exact sequence 

-» #™(exp 2 5") -> H n (C 2 S n ) © F n (5 n ) -» ff"(£ ) ^ -ff n+1 (exp 2 S 1 ™) -» 

Now, for the map H n (C2S n ) — > H n (Eo) we see from the Gysin sequence that 
it must be zero, since the sequence at that point looks like 

H°(RP n ) H n (RP n ) ^ H n (E ) • • • 



Z/2 1 . Z/2 Z/ 2 

As for the map H n (S n ) — > H n (Ev), we can use the following geometric 
argument to show that it must be non-zero, and thus an isomorphism. We 
begin by providing an explicit description of the map Eq — > S n which induces 
the map in the Mayer- Vietoris sequence. 

As Eq is the sphere bundle of the orthogonal complement to the canonical 
line bundle over MP™, we can consider a particular point v G Eq to be the 
corresponding point in S n which lies on the circle perpendicular to n(v), where 
7r is the projection E — » RP n . At this point the map Eq — > S" 1 is obvious — 
simply map a given point v to itself in 5". 

With this in mind, we can see that the "cell" consisting of tt~ 1 (RP 1 ) maps via 
a degree one map onto S n (where RP 1 is the canonical RP 1 RP n ); as maps 
from this cell generate H n (E ), it follows that the map H n (S n ) -> H n (E ) is 
non-trivial — in particular, it is an isomorphism — as claimed. 

From all of the above we have 
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Proposition 2.3 The mod 2 cohomology groups o/exp 2 S m are 

iT(ex P2 S")J Z /2 * = n,n + 2,n + 3,...,2n-l,2n 
I otherwise 

Furthermore, the following can also be shown 

Proposition 2.4 If (for i = n, n + 2, n + 3, . . . , 2n) is the generator of 
iP(exp 2 S n ), then we have that Sq l {e n ) = e n +i for i = 2, . . . ,n. 

This is seen as a consequence of §3 of |Nak55j and the homological splitting 
of H n (Sym k X). 

2.2 The Main Calculation 

We use a similar approach in this case as in the previous. Noting that any three 
points on a sphere S n define an affine plane in we find a map C 3 (S" 1 ) — > 

G 2 R ra+1 , the grassmannian of 2-planes in M n+1 . This map is a fibration whose 
fibre contains, again, the orthogonal complement of the given plane. In this 
case though, the fibre is the direct sum of this orthogonal complement and a 
copy of C^S* 1 ) which we know is homeomorphic to a model Seifert fibration. 
Thus C3(S n ) is homotopic to a circle bundle over G2R" +1 and we may use the 
well known cohomology of this latter space, as well as a similar Mayer- Vietoris 
sequence to the one in the previous section to help determine the cohomology 
ofexp 3 (S"). 

The cohomology of Cz(S n ) is relatively straightforward to determine. As 
a bundle over G2K" +1 with fibre homotopic to S 1 , we have again the exact 
sequence 

► H k (C 3 S n ) -> fl" fc - 1 (G 2 R" +1 ) H k+1 {G 2 M. n+1 ) H k+1 (C 3 S n ) -»• • ■ • 

(2) 

Now, as in |Bor53j . we know that 

H*(G 2 R n+1 ) - Z/ 2 K, a 2 , A, . . . , P n -i]/ {{1 + E a . )(1 + E A) = 1} (3) 

with oti,f3i £ H l (G2M n+1 ) being the Stiefel- Whitney classes of the canonical 
2-plane bundle and dual (n — l)-plane bundles, respectively. 

We first claim that C 3 S n is homotopic to the circle bundle of the canonical 
2-plane bundle over G2K™ +1 — as such, the a in the exact sequence ^ is nothing 
but Q2- Noting that the fibre of this bundle, x C3S 1 deformation retracts 

onto the central fibre of C3S 1 we obtain the first part. But this central fibre 
consists of triples of points which form an equilateral triangle in S . It is easy to 
see that such a bundle is simply equivalent to an ordinary S 1 bundle by taking 
the fibre- wise map z 1— > z 3 . The deformation in question also translates our 
plane to the origin, at which point the conclusion follows. 

We can in fact say a little more. 
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Proposition 2.5 The space G^S n , as a bundle over G2R" +1 , is the fibrewise 
direct product 0/72, j n -i and S , where the ji are the tautological and dual 
bundles over G2R™ +1 , respectively, and S 1 is the sphere bundle 0/72. 

Proof As above, we note that this is in fact the fibrewise direct product of 7 n _i 
and C3S 1 . Now, C3S 1 is a quotient of F3S 1 = B 2 x S 1 by the action of the 
cyclic group Z/g (see |Ros07j ). From all of this we can consider C3S" 1 to be the 
quotient of the bundle 7 n -i © (B 2 x 5 1 ) by a Z/jj action. 

Now, since the S 1 component is, as above, the sphere bundle of the tauto- 
logical 2-plane bundle over G2M n+1 , we can write out an explicit homeomor- 
phism between this space and 7„-i ©72 © S 1 . However, on the fibres (see 
again |Ros07j ) we see that the action of Z/g yields that this space is simply 

7n-i © (72 1% 1 ) © S 1 , from which the conclusion follows. 

/ 3 

Q.E.D. 

Corollary 2.6 C^S' 1 = e" +1 © S 1 , where S 1 is the sphere bundle 0/72, the 
tautological bundle over G^K™" 1-1 . 

To understand the resulting cohomology of C^S", we examine that of G2R™ +1 
further. The first thing to note is that the relation(s) given in ([3]) allow us to 
write all of the generators (3i in terms of oc\, a 2 . For example, we note that we 
can write the first few terms as 

«1 + /?! = 

a 2 + ai(ti + f3 2 = 
et20i + + P3 — 

from which it follows that /3i = ai,02 = 012 + <X\ and fa = a\. Now, the 
first relation which isn't simply the elimination of extraneous generators is in 
dimension n (In particular, it is the relation that /3 n -iai + I3 n -2ct2 = 0). As 
such, up until dimension n, the dimension of our cohomology groups is simply 
the number of unique products of the a\,a 2 . To wit, 



i 





1 2 


3 


4 


5 


6 ••• 


dim H l (G 2 M. n+L ) 


1 


1 2 


2 


3 


3 


4 ... 



As G2K n+1 is a manifold of dimension 2n — 2 (and, more importantly, we 
are working with coefficients), Poincare duality holds and we see that 
H 2n ~ 2 - i (G 2 R n + 1 ) H i (G 2 M n + 1 ). 

Moroever, we can show that up until (and including) dimension k = n— 1 the 
map H k - 2 (& 2 R n+1 ) H k (G 2 R n+1 ) is an injection (there are no relations 

up until that dimension). We also have that H n - 2 (G 2 R n+1 ) H n (G 2 R n+1 ) 
is an isomorphism, and that beyond that it is a surjective map. We then have 
the following. 
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Figure 2: E*'* 

Proposition 2.7 The mod 2 cohomology ring of C^{S n ), the collection of un- 
orderd, distinct triples of points in S n is given by 

H*{C 3 S n ) £ {a,f3\a n = (3 2 = 0, \a\ = 1, |/?| = n) 

We next examine the more complicated portion — the intersection of the two 
parts, which is a bundle over G 2 R n+1 with fibre F := d(B n ~ 1 x C3S 1 ). 

To compute the cohomology of this part, we use the Leray-Serre spectral 
sequence. The first bit of note is that the cohomology of the fibre is given by 

H*(F) = {a,f3\a 2 = 1 = 0, |a| = 1, = n) 

With this in mind, the E2 term of the spectral sequence is shown in figure [2] 

Moreover, by the same reasoning used in the construction of the Gysin se- 
quence, we see that d^ia) is simply the cup product with the euler class of the 
spherical fibration represented by the class a — and thus that it is simply the 
cup product with a.2, as in the calculation for C3S 71 . If n ^ 2, then (i2(/3) = 0, 
and so we have the E n sheet looking like the one in figure [3] 

The only possible non-zero differential of note is d n ((3), which we claim must 
be zero. That being the case, we have the following. 

Proposition 2.8 The mod 2 cohomology of the total space of the bundle d(B n ^ 1 x 
CsS 1 ) ^ E -> G 2 K n+1 is given by 

{Z/ 2 * = 0,... ) 7i-l,2n,...,3n-l 

Z/ 2 © Z/ 2 * = n, . . . , 2n - 1 
otherwise 
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Proof of claim: The proof is quite simple. From corollary 12. 6} we know that 
C 3 S n = e rl+1 ©/S . As a consequence, we have a projection from this bundle to 
the S 1 factor. Since this bundle is a trivial bundle with an addition S 1 part, we 
also have a section of this bundle. Thus simple algebraic arguments yeild that 
there must be non-zero cohomology classes in H n+1 (E), which would be zero if 
d n {(3) were non-zero. 



Corollary 2.9 The map H*(C 3 S n ) -> H*(E) is injective. 

We are now ready to put this all together to obtain the cohomology of 
exp 3 (£ n ). Recall that we have the Mayer- Vietoris sequence 



where the cohomology of each known term is described in propositions 12.71 
12.31 and 12.81 respectively. If we consider corollary 12.91 then all that remains is 
determining the map if*(exp 2 S n ) — > H*(E). 

In dimension n this is an isomorphism. From |KSj we note that exp 3 (X) is 
(r + reconnected where X is r-connected. In our case, this means that exp 3 (5'™) 
is ?2-connected, and so its n-th homology group is necessarily trivial — but the 
Mayer- vietoris sequence 



#™(exp 3 S n ) -► H n (C 3 S n )®H n (exp 2 S n ) -> H n {E) -> iJ" +1 (exp 3 S n ) -> 



Q.E.D. 



H k (exp 3 S n ) -> H k {C 3 S n ) © H k (exp 2 S n ) 



H k (E) -> H k+1 (cxp 3 S n ) 



(4) 
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also yields that ff n+1 (exp 3 S n ) is also zero. 

What about higher dimensions? We note that by necessity -ff™ +2 (exp 3 S n ) 
has at least one Z/ 2 factor in it, due to the sequence 

# n+1 (C 3 S") c H n+1 {E) ^ iT l+2 (exp 3 5"™) 




z/ 2 c ^z/ 2 ©z/ 2 

Claim: The map H n+k (cxp 2 S n ) -> H n+k {E) for 2 < k < n is 0. With this 
in mind, we can read off all of our cohomology groups of exp 3 S n as follows. 

Theorem 2.10 The mod 2 cohomology groups o/exp 3 S n , the collection of non- 
empty subsets of S n of cardinality at most 3, is given by 

!Z/ 2 * = 0,2n + l,2n + 2,...,3n 

Z/ 2 ©Z/ 2 * = n + 2,...,2n 
otherwise 

In particular, the cohomology of exp 3 S 2 is given by 

!Z/ 2 © Z/ 2 * = 4 
Z/ 2 * = 0,5,6 

otherwise 

Proof of claim: To prove this claim it will suffice to show that the map Sq 1 : 
H n (E) — > H n+l (E) is for 2 < i <n, since we have the diagram 



# n (exp 2 S" 1 )^ 



H n (E) 

Sq* 



H n+i (exp 2 S n ) 



H n+l (E) 



Now, from Proposition 12 .41 we know that Sq 1 is an isomorphism 77™(exp 2 S" 1 ) — ► 
ff n +*(exp 2 5") for 2 < i < n. Since the map H n (C 3 S n ) © F"(exp 2 S") -> 
H n (E) is an isomorphism in dimension n, it follows that all of the maps H n+t (C^S n )@ 
iJ" +l (exp 2 S n ) — > H n+i (E) are determined by the Squares' actions on /3 £ 
H n (E) — but this action is trivial for 2 < i < n, since this action arises from the 
operators (See |McC01p A Sq l : -E*' 9 -> and B S<f : -» £r 9+i,2<? . It 

is clear that, on any class in E®' n , these are 0. As these converge to the action 
of Aii we see that Sq l (/3) — as claimed. 

Q.E.D. 
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3 An Alternate Proof 



There is another way in which we can compute this cohomology which, while it 
offers less geometric insight, it does have the added benefit that it provides (in 
principle!) the first step in an inductive computation of H*(exp k S n ) for any 
k, n. 

The ingredients for this proof are as follows (See |KS| . |Nak55j ). We have 
the pushout square 

S n x S n Sym 3 S n (5) 



exp 2 S n< ~ 



exp 3 S n 



where the map a takes (x, y) i— > x 2 y, and q is the obvious quotient map. We 
also, as per Proposition 12.41 and |Nak55j have that 

Sq n (e n ) = e 2n Sq n (f n ) = f 2n 

where e^, fi denote the generators of H 1 (cxp 2 S n ) and H l {Sym 3 S n ) , respec- 
tively. 

Now, we consider the Mayer- Vietoris sequence which arises from the pushout 
((5j) , which reads as follows. 

> H k (exp 3 S n ) -> H k (cxp 2 S n ) © H k (Sym 3 S n ) -> H k (S n x S n ) ->■ ■ • ■ 

Fortunately, the last space in this row has mostly zero cohomology, and so a lot 
of isomorphisms H k (exp 3 S n ) = H k (Sym 3 S n ) © H k (exp 2 S n ) immediately fall 
out. These only fail around dimensions n, 2n where we have to be a little more 
careful. 

These two sequences are as follows. 



-> H n {exp 3 S n ) -* Z/ 2 © Z/ 2 -► Z/ 2 © Z/ 2 -> (exp 3 5") 



and 



-> £T 2 "(exp 3 S") -> ff 2n (exp 2 S n ) © H 2n (Sym 3 S n ) -> 

-► # 2n (S" x S") 2,1+1 (exp 3 5") -> H 2n+1 (Sym 3 S n ) -► 

The same connectivity argument as before shows that -ff ra (exp 3 S" 1 ) (and 
hence H n+1 (exp 3 S n ) is zero — and moreover that the maps H n (exp 2 S n ) — > 
iJ"(5 n x S n ) and H n {Sym 3 S n ) -> #"(£" x S*") are both injections. 

Now, we look at the commuting squares 



# n (exp 2 5") - 
H 2n (exp 2 S n ) 



H n {S n x S n ) 

Sq" 

H 2n {S n x 5") 
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and 



H n {Sym 3 S n ) - 
H 2n (Sym 3 S n ) 



H n (S n x S n ) 
H' 2n (S" x S n ) 



Since the squares act trivially on H* (S n x S n ) we see that the maps in dimension 
2n must also be zero. The conclusion then follows. 

To continue this argument, we note that we always have an analagous 
pushout to ((U, namely 



i xk 



Sym k +iS n 



exp fc S n <- 



■ exp fc+ i S n 



Thus all that remains is knowing the cohomology of the higher symmetric prod- 
ucts of S n , as well as determining the action of the Steenrod algebra on these 
spaces and on exp fe S n . 
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